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TWO-PARAMETER VERSION OF BOURGAIN’S 
INEQUALITY: RATIONAL FREQUENCIES 

BEN KRAUSE, MARIUSZ MIREK, AND BARTOSZ TROJAN 


Abstract. Our aim is to establish the first two-parameter version of Bourgain’s maximal logarithmic 
inequality on L^(R^) for the rational frequencies. We achieve this by introducing a variant of a two- 
parameter Rademacher-Menschov inequality. The method allows us to control an oscillation seminorm 
as well. 


1. Introduction 


Let An = (—2 " ^,2 " for n S No = N U {0}. Suppose that A C K is a finite set satisfying the 
following separation condition: for any A, A' S A, if A yf A' then 

(1) |A-A'|>1. 

In [3] , Bourgain established the following lemma. 


Logarithmic lemma. 


There exists a constant C > 0 such that for each f G L^(]R) we have 


( 2 ) 


sup 


AeA 


<U(log|A|)"||/||i., 


where = A + An and T is the Fourier transform operator on K. Moreover, the implied constant is 
independent of the cardinality of the set A. 


This logarithmic lemma was introduced by Bourgain to reduce some problems in ergodic theory having 
a number theoretic nature to questions in harmonic analysis (compare [2l |3] with HI)- To be more 
precise, let (A, B, p) be a cr-finite measure space and let T : A —> A be an invertible measure preserving 
transformation. The classical Birkhoff’s theorem (see [I]) states that for any / G U’{X,p) with p > 1 
the averages 

N-l 

An fix) := ^ E 

n—0 

converges /r-ahnost everywhere. With the aid of the logarithmic lemma Bourgain proved the pointwise 
convergence of 

A'^fix) 

n—0 

for all / G L^(A, /i) and p > 1; where, V is any integer-valued polynomial. The lemma was applied to 
the sets 

= { 0/9 G [Oj 1 ] LI Q : (o, q) = 1 , and 2® < 9 < 2 ®'*"^} 

giving an acceptable loss with respect to s in ([2]) of the order since \^%s\ < 4® (see [4] for more details). 


The authors thank the Hausdorff Research Institute for Mathematics in Bonn for support and hospitality during the 
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In fact, in [1] the logarithmic lemma was proven in a much stronger form: for general frequencies 
without the separation condition ©• Not long afterwards, it was observed by Lacey (see m) that if 
A C for some Q G N and satisfies separation condition, then 


(3) 


sup ^ 
ngNo 


< Clog log (Q\/i^)ll/lli=- 


This version of the logarithmic lemma is strictly adjusted to the problems with arithmetic features. 
Roughly speaking, when ([3]) applied to A = 4®+^ • with Q equal to the least common multiple of all 
q € [2®, 2®+^) n N, we obtain a satisfactory bound as well, since Q < 2^®+^)^ . 

It turned out that the logarithmic lemma is also useful in continuous problems. Especially important 
are applications in time-frequency analysis (see e.g. (BJ [131 [17] ). Recently, Nazarov, Oberlin and Thiele 
[14] extended Bourgain’s inequality providing bounds for the r-variational counterpart of ([2]) (see also 
[5], [U and [T5]'). 

In the present article we are concerned with proving a two-parameter variant of Bourgain’s inequality 
for rational frequencies. From now on A will be always a subset of Qi^Z x for some Qi,Q 2 G N 

satisfying the following two parameter separation condition: for any A = (Ai,A 2 ),A' = (A(,A 2 ) G A, if 
X ^ \' then 


(4) 


max{|Ai - All, IA 2 - A 2 I} > 1. 


One of our main results is the following. 


Theorem A. There is a constant C > 0 such that for all f G 


(5) 


sup 

ni,n2GNo 


AgA 


< Clog log (Qivl^) •loglog(Q 2 \/iA|) 11/11^2 


where = X + x and T is the Fourier transform operator on Moreover, the implied 

constant is independent of Qi,Q 2 and the cardinality of the set A. 


Our motivations to study the bound ([5]) lie behind the ongoing project of the second author with Jim 
Wright where the authors study boundedness (for p > 1) of the following maximal function 


Mf{x,y,z) 


sup 

M,NeN 


1 

'mn 


M N 

E E ^ ^ 

m—l n—1 


where P is an integer-valued polynomial of two variables. Theorem [A] turned out to be very useful there. 

In fact, since these sort of problems find applications in pointwise ergodic theory, we will be interested 
in bounding of ([5]) for some variant of two-parameter oscillation seminorm rather than the supremum. 
Let us recall that in the one-parameter case an oscillation seminorm O for a sequence (a„ : n G Nq) is 
dehned by 

/ \ 1/2 

C(a„ : n G No) = sup |a„ - oatJ^ I 

\^Nk<n<Nk+i J 

for any lacunary sequence {Nk : fc G N). The seminorm O is an important object when problems concern¬ 
ing pointwise convergence are considered. Indeed, if (a„(a:) : n G No) is a sequence of functions such that 
0(an{x) : n G No) is finite for every lacunary sequence (iVfc : fc G N), then the limit hm„^oo an{x) exists. 
Thus, we immediately obtain almost everywhere convergence without relying on a (possibly-unavailable) 
density argument. Moreover, the oscillation seminorm controls from above the supremum norm. Indeed, 
for every uq G No we have 

sup lonl < |a„o| -I- 2C>(a„ : n G No). 

nGNo 

In the two-parameter setting we would like to exploit the same kind of concepts. We shall study a 
variant of two-parameter oscillation seminorm inspired by the one introduced in m- Namely, given a 
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lacunary sequence : /c G N) C N and a sequence : ni,n 2 G Nq) an oscillation seminorm O is 

defined by 

/ \i/2 

l^(^ni,n2 * ^ ^o) ( ^ ^ SUp ^AIfe,Afcl ) 

\ l~^^^k<ni,n2<Nk+i J 

Let us observe that the oscillation seminorm does not control the two-parameter supremum anymore. A 
good counterexample illustrating this is a sequence : ni,n 2 G No) defined by 


^ni ,71-2 


712 if ni = 0, 
0 otherwise. 


Indeed, : 771,772 G No) is finite for every lacunary sequence (iV^ : fc G N) whereas 

sup |a„i,„ 2 l=oo- 

ni ,n2GNo 


This shows a major difference between one- and multi-parameter settings. However, the oscillation 
seminorm still remains useful in pointwise convergence questions (see Section [2] for details). 

The second main result is the following. 


Theorem B. For any lacunary sequence J\f = : fc G N) there is a constant C > 0 such that for any 

finite set A C x with Qi, Q 2 G N satisfying (|3]), and all f G L^(K^) we have 


O 


(S 

AgA 


L2 


< c(iogiog (QivIT) • log log (g 2 v 1 T))'ll/llL 2 , 


where ^2 ~ ^ ^"2 ^ ^^6 Fourier transform operator on R^. 


The proofs of Theorem [Aland TheoremlBl consist of three steps. We shall analyze both: the supremum 
and the oscillation seminorm in four regions; where the parameters are small, large and finally mixed. In 
the last case, by the symmetry it suffices to consider the region where the first parameter is small and 
the second is large. 

In the one parameter case the regime with small parameters was estimated with the aid of Rademacher- 
Menshov theorem, which asserts that there is an absolute constant C > 0 such that for a given family of 
sets C/i C {72 C ... C R, for any A^ G N and for any / G L^(R) we have 


( 6 ) 


sup 

l<n<A 




<C(logiV)||/|U 2 . 


In our situation we are going to exploit the same sort of ideas, however the Rademacher-Menshov theorem 
must be adjusted to the two-parameter settings. Due to independent parameters we cannot hope for an 
analogous formulation with a nested family of sets. Fortunately, it is still possible to prove a reasonable 
two-parameter counterpart of ([6]). In the supremum case. Theorem [T] implies that there is a constant 
C > 0 such that for all Ni, N 2 G N and for all / G L^(R^) we have 


sup sup 

l<ni<A^i l<n2<A^2 





<C(log7Vi)(logfV2)||/||L2. 


The proof of Theorem[T]is a consequence of a numerical inequality (see Lemma fd.ip which is of independent 
interests. To the authors’ best knowledge it is the first multi-parameter version of the Rademacher- 
Menshov theorem. 

In the second case we analyze the region with large parameters and get a uniform bound with respect 
to the size of the family A. Here it is important that the frequencies are rational and the periodicity of 
the Fourier characters will be used (see Theorem n. This allows us to reduce the matters to suitable 
estimates corresponding to Fejer kernels (see Theorem [2] and Theorem [3|). Then, in the oscillation case, 
the Fefferman-Stein vector-valued inequality for the Hardy-Littlewood maximal operator transfers our 
problem to one-parameter oscillation estimates of Fejer kernels which complete the job. 


















4 


BEN KRAUSE, MARIUSZ MIREK, AND BARTOSZ TROJAN 


Finally, in the mixed regime we need to combine the ideas from the first and second case. Here we 
obtain the desired estimate with a logarithmic loss too. 

An interesting question remains open whether there is a chance to relax the assumption concerning 
rational frequencies in Theorem El and Theorem m We have some partial results, in this directions, 
dealing with the case when / G is assumed to be a tensor function. 

1.1. Notation. Throughout the whole article, unless otherwise stated, we will write A < B {A > B) A 
there is an absolute constant C > 0 such that A < CB {A > CB). Moreover, C > 0 will stand for a 
large positive constant whose value may vary from occurrence to occurrence. 


2. Oscillation seminorm 


Let us fix a lacunary sequence N = [Nk : fc G N), i.e. a sequence satisfying rNk < Nk+i for all fc G N 
and some r > 1. An oscillation seminorm for a two-parameter sequence „2 ■ 'ni,n 2 & No) is defined 

by 

/ 1/2 
^(Uni,n2 * Hi; H2 G Nq) 1 ^ ) SUp | j 

\ ^l‘<ni,n2<Nk+i J 

We say that a two-parameter sequence of complex numbers (ani,n 2 • Hi,n 2 G Nq) converges to a G C if 
for every e > 0 there is G N such that for all ni,n 2 > N 


O'Tli ,712 


a\ < e. 


In this case we write 


lim nni,n 2 — U- 

Til ,712—^CXD 

Thus ni,n 2 —>■ oo is understood in the sense that min{ni,n 2 } —>■ oo. We say that a two-parameter 
sequence : ni,n 2 G Nq) is a Cauchy sequence if for all £ > 0 there is G N such that for all 

ni,712, mi,m2 > N 

|llni,n2 Ilmi,m2l ^ 

It is not difficult to see that every Cauchy sequence has a limit. But, unlike the one-parameter situation, 
it is not true that every convergent two-parameter sequence must be bounded. To see this it suffices to 
consider 


^7li ,712 


772 if Hi = 0, 
0 otherwise. 


This is the main obstacle which prevents the two-parameter supremum norm from being controlled from 
above by the oscillation seminorm. However, the two-parameter oscillation seminorm is still a very useful 
object in problems involving pointwise convergence. 


Proposition 2.1. Suppose that : 771,772 G No) is a sequence of complex numbers such that for 

every lacunary sequence {Nk : fc G N) the oscillation seminorm 0{ani,n2 • Hi, 772 G Nq) is finite. Then 
the limit \im.n,^,n 2 ^oc am,n 2 exists. 

Proof. Suppose that the limit does not exist. Since the sequence is not a Cauchy sequence, there exists 
£ > 0 such that for every iV G N there are 77i, 772 , mi, m 2 > N satisfying 

|Uni,n2 a.mi,7n2 \ — 

Hence, for some 771,772 > N, 

('f) |Uni,n2 P 

We are going to construct a sequence {Nk : fc G N) such that for all fc G N 

sup |llni,n2 UNfc.ATfcl P 

Nk<'ni,n2<Nk+i 
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Let Ni = 1. Having chosen iV^, by 0, we can find ^ so that 

Setting Nk+i = 2niax{wj,U2} we obtain 

sup - ajVfc.Aj > £• 

Nk<ni,n2<Nk+i 


Now, for every K G N we may estimate 

/ K 1/2 

£-^ ^ ^ f ^ ^ sup ^Nh,Nk\ I — ^(uni,n2 

\Nk<ni,n2<Nk+i J 

This leads to a contradiction since K may be taken as large as we wish. 


: ni,n2 G No). 


□ 


Now, for re G N^ we define 

t/°° = {0,l,...,u;i-l}x { 0 ,l,...,u; 2 -l}, 
f/°^ = {0,l,...,u;i - 1} X {u;2,---}, 

X {0, l,...,u;2 - 1}, 

= {lyi,---} X {W2,...}. 

The following lemma allows us to split the oscillation seminorm into four different regimes. 

Lemma 2.2. For a fixed re G N^ and each sequence of complex numbers [ani,n 2 ■ ui,n 2 G No) we have 

(9) : ni,n 2 G No) < 4 sup |a„i,„ 2 | + ^ 0^(ani.n2 : G No), 

”i’”2eNg /xe{o.i}2 


where = {/c G N : {Nk,Nk), {Nk+i,Nk+i) & U^f} and 


^/i(uni,n2 ■ U'liU '2 G No) — f ^ ^ SUp \an-i,n2 



1/2 


Proof. First, let us observe that the diagonal {{n,n) : n G No} intersects or but not both. 
Therefore, without loss of generality, we may assume that Kqq,Kqi and Kn are nonempty. Only four 
cases may occur: 

(i) there are u, u G N such that iFooU{u}UiGoiU{u}UiFii = N, and N^) G 17°°, {Nu+i, N^+i) G 
C/oi, and iN,,N,) G iN,+i,N,+i) G C/“; 

(ii) there is u G N such that i7ooU{u}Ui7oiUi7ii = N, and {Nu, N^) G 17°°, and {Nu+i, Nu+i) G 17°^; 

(iii) there is u G N such that i7ooUi7oiU{u}Ui7ii = N, and {Ny,Ny) G 17°^, and G 

(iv) Kqo U TGoi U 77ii = N. 

In the first case one can see that 


0 (ani.n 2 : 111,112 G No) < ^ ^ sup \ani,n2 - aiVfc.Afcl 

^g{0,l}2 V IVfe <711.712 <Nfe + i 


1/2 


+ 2 


sup 

Nu<ni,n2<Nu+i 


+ 2 


sup 

Nu^ni ,712 ^^v + l 


which is dominated by the right-hand side of ([9|) . For the remaining three cases we proceed analogously. 

□ 
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3. Two-parameter Rademacher-Menshov theorem 


In this section we prove a two-parameter version of the Rademacher-Menshov theorem. We start by 
proving a numerical inequality which is interesting in its own right. 

For a given sequence a = ( 0 ^ 1,712 : ni,n 2 S Nq) we define the difference operators 


^rai,n2 (®) “ Orai-l,n2J ^ni,n2(®)~ 


f'ni ,712 


2'ni,n2 —1 ? 


and the double difference operator 

^ni,n2(^) — ^ni,n2 ^ni,n2 —1 ^ni —l,n2 “1“ —l,n2 —1- 

Let us observe that A„,,„ 2 (a) = (a)) = A^^ ^^ (Ai^_„^(a)). Moreover, for any two dyadic 

intervals = ((ji - l)2*i, ji2*i], = ((^2 - l) 2 *Lj 22 *=] we have 

^fel.fe2(a) =0.ji2nj22'2 - a(ii-l)2n,j22*2 - «ii2n,(j2-l)2*2 + aQi_l)2n ,(j2-l)2*2 ■ 

fe2G/;^ 

Lemma 3.1. for ererj/ sequence of complex numbers a = (a„j,n 2 ■ ni,n 2 G No) and all si, S 2 G No 


Si S2 2''1-’12“2—2 


(10) sup sup la, 

0 <ni< 2 ®i 0 <rt 2 < 2‘‘2 


11 , 112 ! < 8^ X! XI I 51 XI ^fci.fc2(a)| 

11=012=0 il=l i2 = l fc gf 1 gji2 

31 J2 


1/2 


2»i-ti 


+ ; 


2^X ( X I X ) +2a/2^ ( X I X 

n=o ji=i * 2=0 J 2=1 

for any n? € { 0 ,..., 2 ®* - 1}, e { 0 ,..., 2 ®= - 1 }. 

Proof. First of all, we prove that for every sequence of complex numbers b = ( 6 „ : n G Nq) and every 
s G No we have 

s ,2“-' ^. 1/2 

(11) sup |6„-6„o|<2 sup - 6m| < 2 V 2 V ( V I&J 2 * - fe 0 -l) 2 *n 

0<n<2“ 0<m<n<2^ \ J 

for any uq G {0,...,2® — 1}. For this purpose we need the following combinatorial property: any interval 
[m, n), with 0 < m < n < 2® where m,n G Nq, can be written as a disjoint union of dyadic subintervals, 
i.e. belonging to some 

= {[j2\ (j + 1)20 : 0 < j < 2®-* - 1} 

for 0 < i < s, such that each length appears at most twice. For the proof, we start by setting mo = m. 
Having chosen mp we select mp+i in such a way that [mp,mp+i) is the longest dyadic interval starting 
at mp and contained in [mp,n). We claim that, if mp+i — mp > mp +2 — mp+i then mp +2 — mp+i > 
mp +3 — mp+ 2 - Suppose that, on the contrary, mp +2 — mp+i < mp +3 — mp+ 2 - Then 

[mp+i,2mp+2 - mp+i) C [mp+i,n) 

and since 2 (mp +2 — mp+i) divides mp+i it contradicts with the choice of mp+ 2 . 

Now, we turn to the proof of m- m < n we may write 

p 

[m,u) = IJ [up,Up+i) 

p—0 

for some P > 1, where each interval [up^Up-\-i) is dyadic. Then 

p s 

|?>n-6i„|<Xl^“i>+*-^“i>l=X X l^^.+ 1-^-i.l- 

p=0 1=0 p:[«p,iip+i) 6 li 


S2 2"2—2 


1/2 


T I 
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We note that the inner sum contains at most two terms, thus 

s / \ 1/2 

I bn — hm I ^ a/s ^ ^ f ^ ^ I &Up+i ~ bup I j 

i=0 ^ p:[«p,'Up+i)Gli 

which is bounded by the right-hand side of (EH) and the proof is completed. 

Next, we show how the inequality (ITOl) can be deduced from (fTTI) . Let 71° S { 0 , — 1 } and 

n® G { 0 ,..., 2®^ — 1} and observe that 

( 12 ) sup sup < sup sup I-h sup -a„o „o I-h |a„o „o I. 

0<ni<2®i 0 <n 2 < 2®2 0<ni<2®i 0 <n 2 <2®2 ^ 0<ni<2®i 

In view of EH, the second term of EH can be immediately dominated by the second sum on the right- 
hand side of EH- Applying now inequality EH to the inner supremum in the first term of EH one 
gets 


S2 2"2-*2 

(13) sup sup < 2 V 2 sup V] ( V] Wni,j 22 

0<ni<2*i 0 <n 2 < 2=2 0<"i<2'’i ^ 


,1/2 


S2 2"2 —2 


“ ®ni.02-1)2*2 I 
|2\V2 


< 2-\/2 W ( W sup |anij 22*2 ~ 0711 , 02 - 1 ) 2*2 “ On?,^ 22*2 + Ora 0 Q 2 -l) 2*2 I , 

7, * - 1 0<ni<2,’i ^ 

*2=0 J2 = l - 

S2 2“2-*2 

+ 2a/ 2^ ( X! I X! ^n;.fc2(“)l ) 

*2=0 /2 = 1 fc2g7*2 


1/2 


Next, using EH for the second time one can dominate EH by the first sum from EH- Indeed, taking 

bni = Oni,j 22*2 - ani,(j, 2 -i) 2*2 inequality (HII) yields 


S2 2'’2-*2 

E( E 

—^ ^ \ 0<ni<2®i 
*2=0 J2 = l - 


sup |^ nij 22*2 — 1 ) 2'^2 ^** 1,02 — 1 ) 2'‘2 | 

S2 ,2®2-i2 Si 


1/2 


< 


1 / 2 \ 2 \ 1/2 


2v^i: i: i:( i: 11: i: A*..*,(«)r) 

^2=0 ^ i2 = l ^il=0 il=l fcjg/*! fe2g/*2 

SI S2 ,2''1-*1 2“2-*2 

<2^EE( E E I E E ih.hwr 

71=072=0 ^ il = l 72 = 1 ;.jg7*l 

The last estimate follows from Minkowski’s inequality. This finishes the proof of Lemma 13.11 


1/2 


□ 


For a function f € (K'’*) let 

= [ e-2"f-/(x) dT. 

Jr,* 

By J^“i we denote the inverse Fourier transform. In our setup d = I or d = 2, but it will be always 
clear from the context. The following theorem gives a variant of two-parameter Rademacher-Menshov 
inequality. 
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Theorem 1. Let m = : ni,n 2 € Ng) be a sequence of measurable functions on satisfying 


(14) 

(15) 

(16) 


sup E |A 711,712 (to)(0 | < B, 




7il,7l2€N 


sup ^ |^ni,o("^)(0| — B, sup E I^L2M(0| <b, 


niGN 

sup|mo,o(C)l < B. 


4gR2 


n2eN 


Then there is a constant C > 0 such that for all Ni, N 2 € N and all f € 

sup sup < C'B(log7Vi)(log7V2)||/||i2. 


0<ni<Ni 0<n2<-^2 

Proof. We may assume that Ni = 2*^, N 2 = 2^^, for some si,S 2 S N. Then, by Lemma [3.11 we can 
estimate 


(17) sup sup \P ^(TOni.n2-^/) 

0<ni<Ni 0<n2<N2 


L2 


si S2 2'*i-‘i 2'’2-*2 


< 


E E ( E E II E E ^(Api.p2M-^/) 

l^=0^2=0 h=l j2 = l 

+ E( E II E B-\Al^^g{m)Pf) 

E ( E II E ■^■'(^o,p2 M-^/)" ^' 


2 sl/2 

L2/ 


2 xl/2 
L^) 


S2 2'’2-*2 

E( E 

*2 = 0 J2 = l p^g/V 


|^■'(mo,oJ■/)||L2. 


Let us hx ii G {0, and 12 G {0, ...,S 2 }- By Plancherel’s theorem and (ITU) , for any ji G 

{l,...,2®i-*i} and j 2 £ {l,..., 2 *=-*^} we have 

E E •^■'(^PDr2M-^/)|[, < E E J\\uP.irn)m-\\^,,Arrim\-\Bfm"df 

PiG/'J P2e/;= P2 .<j2G/;= 


E / |Ap,.p2(m)(0| • 1^/(6!" de 




Hence, 


E E II E E WuP2 

n=i J2=i p,gp;ip,g;j2 


{m)Tf) 


2 

L2 


2®2-*2 

Y. Y. Y. Y. j 

il=l i2 = l pjg/'l p2g/^"2 


M(C)|-|-^/(0l'dC 


what is bounded by i3^||/||^2. By summing up over ii and 12 one can shows that the first term in (ITT)) 
is bounded by i3siS2||/||^2- Similar arguments based on (|T5]) allows to bound the second and the third 
term in (1171) . □ 
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Remark 1. For the proof of Theorem [TJ it is enough to assume that the square functions 

1/2 

( 18 ) -.-.. 






and 


(19) 5V = ( E = ( E l•^■'K„.(m)J■/)|y, 


1/2 


raiGN 


n2eN 


are bounded on L^(]R^). 


4. Some Lp estimates 


This section is devoted to study some general estimates which may be interesting in their own rights. 
The argument in the proof of Theorem!^ is inspired by an observation due to Zygmund |18l p. 164] (see 
also Sjolin [TU Theorem 7.3]). 

Theorem 2. For each p € (1, oo) there is a constant Cp > 0 such that for all f G (K^) fl 

( 20 ) 


sup \F 

ni,n2eZ 


LP 


< CpWfh, 


whcTC Rni,n 2 — -^ni ^ -^712* 


Proof. Let us recall the operators defined by multipliers mo and mi where 


mo= ( 1 a„_i - 1 a „), 

ne2Z 


mi= Y - 1a„) 

rie2Z-|-l 

are bounded on LP(K.) for all p G (1,oo). Indeed, it follows from the Littlewood-Paley theory that if 
m G L°°(K) and mj(^) = m(^)l 7 ^.(^) where Ij = Aj-i \ Aj then there is a constant Cp > 0 such that all 

/ e lp(R) 

||j-i(mJ-/)||^, <C1 ||/|Up, 

if and only if for some Cp > 0 and all sequences (/j : j Gif) of functions in 


(Ey-'K-F/,)^) 


1/2 


< Ci 


LP 




1/2 


LP 


Moreover, the operator corresponding to the multiplier l[a,b] is equal to 


where H denotes the Hilbert transform and Maf{x) = e^’^*“^/(a;). Therefore, by applying vector-valued 
inequality for multipliers m = mg or m = mi one obtains the desired LP bounds. 

For two functions a and b we define (a (8) b){x,y) = a{x)b{y). Hence, for any S = (<5i,d2) G {0,1}^ the 
multiplier 

ms = ms^ ® ms2 

is bounded on LP(Mf) for all p G (l,oo). Since rngo + rngi + mio + mu = 1 it is enough to prove 
(|2n|l for F~^[msFf) instead of /. Without loss of generality, we may assume that <5 = (0,1), i.e. 
/ G L1(R2) nLP(R2) and 

supp J"/ C u u (-^ni — 1 \ -^ni ) ^ (-^712 — 1 \ -^772 ) ■ 

77iG2Z772e2Z+l 


(21) 
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Next, for any D > 0 and a: G R we have 

(22) [ da = 

Jo 

Hence, if |x| < D < D' we obtain 


D — \x\ if |x| < D, 
0 otherwise. 


[ l[-a.a](a^) da = (1)'- 

JD 


ID 

This implies, in view of (I21|) . that for any 711,712 G Z 

rDl rDl 




1 


l[-a,a](Cl)l[-b.b](6) do d6 1 • T f (C) 


V ^ni n 

where = 2 “^r(’T’+i)/ 2 l £>2 _ 2-2L(n+i)/2j-i ri G Z. Therefore, 

^ = ((2o' 2D1^ — ® (2cr2D2^ — ^Dl^)^ * / 


where is a continuous Fejer kernel, defined for x G R by 

, . if sininDx) 

crD{x) = — - 

D \ TTX 

Let Mf{x) = sup„g 2 |M 2 »*/(x)| be the Hardy-Littlewood maximal function where 

Mofix) = ^ J ^f{x-y)dy 

for X G R and D > 0. Since for every g G L^(R) we have the following pointwise bound 

sup|(T 2 " *g{x)\ < M{\g\){x), 



we immediately conclude that 

sup \j^~^{tR„^^^^J^f){xi,X2)\ < M{gxi){X2), 

ni,n2GZ 

where gxi{y) = Af(/( ■ ,y)){xi)- The remaining three cases for S G {0,1}^ \ {(0,1)} can be proved 
analogously and this completes the proof of Theorem [2j □ 


Next, we establish a variant of Theorem [5] with the oscillation seminorm rather than supremum. In 
the one-parameter theory the supremum is controlled from above by the oscillation seminorm. In the 
two-parameter setup we do not have this property anymore so we have to provide a second proof. 

Theorem 3. Let p G (I,oo) and (^Nk : fc G N) be a lacunary sequence. Then there is a constant Cp > 0 
such that for all f G L^(R^) fl L^(R^) 

:»2i, 712 G No)||,^, < Cpll/ll^,. 

Proof. We follow the notation from Theorem [S] Again, we may assume that / G L^(R^) fl Lp(R^) and 
satisfies (EU, thus 

= ((2o-2D1^ - CTriJ O (2o-2D2^ - J) * /. 

The proof will be completed if we show that for any p G (I, oo) there is a constant Cp > 0 such that 

\\0{{as„^ (8)crt„J *f: 7ii,7i2 G ^o)\\lp < CpWfhp 
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for any Sm — 2”“^ and ~ 2"^^ since 13^^ ~ 2"^ and ~ 2"^^. We notice that 
(23) ||C>((crs„^ (g) (Tt„J * / : ni,n 2 e No) | 


\Lp 


< 


(Y. ® */r) 

^^Nk<n^,n2<Nk+i ^ 


1/2 


LP 


^ sup |((crs„j-crs 

k^N ^-^fe+i 




1/2 


Lp 


Let us consider the first term in (1^ . We have 

sup |(o-s„j ® (crt„ -crt„J) */(a:i,a;2)| < 7 W( sup |(crt„ - crt„ ) *2/(• ,2:2)I )(a;i), 

^Arfc<n2<Nfc+i ^ 


Nk<ni,n2<Nk+i 


where *2 denotes the convolution taken with respect to the second variable. Therefore, by the Fefferman- 
Stein vector-valued inequality (see [3, see also [H Theorem 4.6.6]) we obtain 


-^fe 5^2 ^-^fc + 1 


1/2 


LP 


< 


(V 7 w( sup I (o-t„^-crt„ ) *2/(• ,2:2)|)(a;i) 2 ') 

^Nk<n2<Nk+i ) 


1/2 


Lp (daiidai2) 

< II^K, *2/:u2GNo)| 


\Lp 


We may apply analogous argument to the second term in (l23ll . Therefore, it suffices to show that there 
is Cp > 0 such that for all g G L^(]R) 

\\0{as„ *g:n€ No)||^p < CpUgjl^p. 

Let us observe that 

/ i2N 1/2 

||C’(o's„ *g ■ne No)||^p < \\0{M2pg : n G No)||^p + ( X/ k®" *9- M 2 pg\ j 


According to [9], we have 


\0(^M2pg : n G No) | 


\LP 


< 


n^No 


IlLP* 


LP 


Hence, it suffices to show that there is a constant Cp > 0 such that for all g G LP{M.) 


( X I - ^2-) * <?|") ' 1^^ < Cpllffll 


LP 


n^No 


where Kd * g = M^g and Kd{x) = {2D) il[_£)^£)](a;). Let Sj be a Littlewood-Paley projection 
9^{^j9){0 = ‘Pj{0^9i0 associated with (^ipj : j G Z) a smooth partition of unity of M \ {0} such 
that for each j G Z we have 0 < (fij < 1 and 

supp(/^^- C G K : 2-^-1 < 1^1 < 2-^+1}. 

Then we have 


< 


LP 


ZI (If 


n^No n^No 

We claim that there are Cp > 0 and 6p > 0 such that for every j G Z 

, X ^ , ,z\l/2 

(24) - ' “ 


1/2 


LP 


( X IK -^2~) < Cp2-^-l^l||5||^,. 


n^No 
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Again, by the Fefferman-Stein vector-valued inequality and the boundedness of the square function 
associated with {Sj : j £ Z) we have 


(25) IK ^ 


1/2 


n€No 


< 


LP 


( ^ M{S^+,gf) 


1/2 


neNo 


LP 


< 




1/2 


LP 


< Mlp- 


Next, for p = 2 we can refine the estimates (1251) . Indeed, by (l22l) . we have 

if 1^1 < A 




0 


otherwise, 


and 


^/0«) = =g|2 = l + 0{DW). 


Therefore, for some (5 > 0 we have 

(26) |^a«„(e)--^i^2"(0| <min{l,|2"ClM2"Cr'}- 

Applying Plancherel’s theorem we obtain 

/ _ o\ 1/2 2 

(27) '' " ' ~ ' 

since (1261) implies 


neNo 


^ \\{Tas„ - < 2-^\^\\\g\\l,. 

11 

neNo 


Finally, by interpolation between (l27ll and (l25ll we obtain (l24ll which finishes the proof. 


□ 


5. Two-parameter logarithmic lemma 

Let A be a finite subset of Qy^'L x Q'^^'L for some Qi,Q 2 £ N. Suppose that for any A, A' £ A, if 
A ^ A' then 


(28) 


|A — A'l = max{|Ai — A^l, IA 2 — A 2 I} > 1. 


Let = X + A„j X A „2 ■ We are going to show the following. 

Theorem 4. There is a constant C > 0 sueh that for all f G (R^) 

sup I E n {QiVWl) ■ log log {Q 2 viy) II /|1 l2 . 

m."2GNo I ^ ^ 

Moreover, for every lacunary sequence J\f = {Nk : fc £ N) there is a constant C > 0 such that for all 
f £ we have 


■ ”1>”2 £ No|) 

AgA 


L2 


< C(loglog (Qia/IAI) • loglog(Q2A/iy))^ll/llL2 
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Proof. Let us define and S 2 = 2®= where 51 = 1"log 2 log 2 QiyJ\K\ | and S 2 = [log 2 log 2 Q 2 \/\^\ \ ■ 

We set w = (S'!, 52 ) and split No into four regions as in (jS]). By Lemma [JH] we have 


O 


:ni,n2 GNo) 


AeA 


^g{0,l}2 "l." 26 Gi; ' ;s,g^ ^ 

Since the regions and are mutually symmetric we shall only treat with the region . The 
proof is divided into three parts according to which region, [/°°, or 

The region {7™. Since the elements of A satisfies separation condition (l28l) . for all ni,n 2 G No, the 
rectangles ^ni,n 2 disjoint whenever A ^ A'. Moreover, the function 

Ip 1 I — Ip , — Ip , + Ip 

-tTni —l,Ti2 — 1 -n.ni—1,712 ^•ni,n2-l ^1^,712 

has a support inside \ U Thus the sequence {Ir^^ : ni,n 2 G No) 

satisfies (Hl-dlll), and by Theorem [U we conclude 


(29) 


sup < C'siS 2 ||/|Il 2 . 

(«i,»2)GC/00 !■ 2 L2 


For the oscillation seminorm, we set ko = max {fc G N : {Nk, Nk), {Nk+i,Nk+i) G N™} and observe that 
by the lacunarity of Af 

<Nko+i<mm{Si, 82}. 

Thus, using (l29l) we get 

: ni,n2 G No) < C'fcosiS2||/||i2 < <^(5152)^11/11^2. 

AgA 




The region We shall exploit the rationality of A. Suppose that for each A G A we are given a 
function fx G L^(]R^). We are going to show that there is a constant C > 0 such that 


(30) 

For a;, y G we set 

and 


sup 

(ni,n2)eUP 


L2(dx) 


<Cj2\\h\\l^- 


AgA 


I[x,y)= sup I 
(ni,n2)eup I 


J{x,y) = Y,e^^^^-^fxiy). 

AgA 


Let us observe that for each y G the functions x i->. I{x,y) and x !->■ J{x,y) are (Qi, (52)-periodic. By 
Plancherel’s theorem, for u G [0, Qi] x [0, < 52 ] and A G A we may estimate 

= - e""*^'“)IL2(d5) < • ||/a||l2. 
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Therefore, by the triangle inequality, Theorem [5] and the Cauchy-Schwarz inequality 

-^/a) (x) - T-^ (1r„„„,^/a) (x + u) 




sup 




L2(da:) 


AeA 


AeA 


1/2 


< (Qi2-«^ + Q22-''^)v11m(EIIMI 

Since ^/\K\(^Ql2~^^ + <522“'®^) < 2 we get 

I|-^(x,x)||i 2 (da;) < \\Iix,X + u)\\L 2 (^ax) + (EllAllh) 

AgA 

By repeated change of variables and periodicity we obtain 

/ I{x,x + u)'^ dx du = / / I{x — u,x)'^ dx du 

JR2 -/[O.Qi] X [0,(32 ]-/k^ 


1/2 


qo.(3i]x[o,Q2] • 


/ / 

•2 ]R2 d —Qi ,a:i 


/R2 3[0,(3i]x[0,(32] 


] X [a;2-Q2.2;2] 

I{u, x)^ dit dx 


I{u, xY dw dx 


d[ 0 ,Qi]x[ 0 ,Q 2 ] 

Next, for any u G [0, Qi] x [0, Q- 2 \, by Theorem [2] we get 

||/(m, x ) 


/ /(u, dx dit. 

Xr2 


L2(da;) II „ l"^ ■ ))(^)|IL2(da,) ^ ^||'^(■“!X)||J^2(dx)• 

(ni,ra2)6U“ 


By the orthogonality between exponential functions we obtain 


/ 

X[0,Qi] 


X [0,(32] 


\J{u, x)| dx dit = 


/ / |Ee“/A(x) 

/]R2 -/[0,Qi] X [0,Q2] 


du dx 


= E (/ai>/a 2) / e2"("-"=)'“du = Qig2Ell/A|li2. 

Ai,A2GA •/[0.(3i]x[0,Q2] 


Hence, 


/ l|/(«,x)||i2(d,)du<gig2^||/A|li2 

•/[0,(3l] X [0,Q2] 


and the proof of the claim (l30ll is finished. 

To estimate the case with the supremum norm, we apply (1301) to 

^/A(0 = lRo,o(OT(e + A). 

Analogous reasoning gives the proof for the oscillation seminorm. One only needs to replace the supremum 
by the oscillation seminorm and use Theorem [3] instead of Theorem [2j 

The region We start by observing that 


O, 


'..(E ^ G No) 


AgA 


< 


L2 


Si 


sup I E-^ n 

(ni.n2)G;7S,i I ^ 


L2 
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since, thanks to lacunarity of jV, the cardinality of the set {fc G N : -/V^+i < S'!} is bounded by a constant 
multiple of si- The proof will be completed if we show 


sup I „ J^f) 

(ni,n2)GU°^ I ^ 


< 


L2 


si||/IIl2. 


First, we apply (HU to the sequence (bm : 1 < n-i < >S'i) where 

= sup I y 


n2>S2 


AgA 


In view of the proof for the region we get ||5sJ|i2 < ||/||l2. Therefore, it suffices to show that for 
every fixed i € {0,..., si} 

2*1“'* 

(31) 


E II |E-^ '(( 

3 = 1 "=^'^'2 


1 pA — 1 

j-2i,n2 '^(i-l)2Sn2 


)^f) 


L2 


< WfWh, 


since 


\bj 2 i - hj-ml < sup ^(( 

' aga 


j2\ri2 U-l)2\n2 




For a fixed j G {l,..., 2®^ *} we may write 


i:( 

AgA 


IL p A — 1 R-^ 

'j2i,n2 (j-l)2i,n2 


) = E E .)®1aS2. 

'' A A ^ A J 2 * (j-l) 2 ^ 


176A2 AgA 
A2=»7 


where A 2 = {A 2 G M : A = (Ai, A 2 ) G A} and = A + A„. Therefore 


AgA ‘ 


where we have set 


Fr,{XuX2)= 


AgA ‘ 

>^2=V 


r,GA2 


0 - 1 ) 2 * 


We notice that for any 77, 77 ' G A 2 , if 77 77 ' then 

\v-v'\ > Q2^- 

Since the supremum is taken over n 2 > S 2 we may apply to <52 * ^2 the one-parameter inequality from 
([30]) to obtain 

2 


sup 

n2^S2 


— Q 2 


E' 

r?eA2 


^2-Kir}X2 I ^27rz^22i2 


1 a „, {^2)Fn{xi,^2 +v) 


L‘^{dx2) 


sup 

ll2>log2 v/iV 


E i^2)FQ \{x3, (Q2-'6 + Q2“'^)) d6 

176 Q 2 A 2 

2 


2 

L2(da:2) 


-^2^ E / lBo(6)*P)3~i,,(a)l,(Q2^?2+(32^^)) 


'n^Q2^2' 


d^2 


= E / + f?) 

A .IR 


17GA2 


d6 
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where-B„ = ( —2 ” ^<522 ■^“,2 ” ^Q 22 and jo = [log 2 ( 52 J • Next, ry G A 2 , by Plancherel’s theorem, 
applied with respect to the first variable, we get 


|iAU6)i",(cri,f2)|'dxid6= / / (6)-^^’,(6,6)|'cieid6 


/ / I E (^i) - ( 6 )-^/(e) 

JwJr' ^ A-i)2> / ^0 


AeA 

A2=») 


dCi cie2. 


Moreover, 


2®i' 


E E .(^ 1 ) 


?i6R 


i=i AeA 

^2=V 


0 - 1 ) 2 * 


< 1 , 


since for any A, A' G A, if A 7 ^ A' and X 2 = X 2 = V then |Ai — A^l > 1. Therefore, 


2 S 1 - 


E E / / hAjgi^2)Fnixi,^2 + v)\ dxi dC2 

j=l r^eAa 

2Si-i 

= E E / /1E .(Ci))iA7„(6)-F/(e) 

,--l dRjRl ^ 32 ' 0-1)2* / 10 


i=l r;eA2 ' 


AeA 

A2=1) 


d^i d6 


^E / / |iAU6)-^/(e)|'dad6<ii/iii2 

^6A2 


which shows (l?T|) and concludes the proof of Theorem 21 


□ 
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